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When an external parameter drives a system across a quantum phase transition at a finite rate, work is
performed on the system and entropy is dissipated, due to creation of excitations via the Kibble-Zurek
mechanism. Although both the adiabatic and sudden-quench limits have been studied in detail, the
quantum work statistics along the crossover connecting these limits has largely been an open question.
Here, we obtain exact scaling functions for the work statistics along the full crossover from adiabatic to
sudden-quench limits for critical quantum impurity problems, by combining linear response theory,
conformal field theory, and the numerical renormalization group. These predictions can be tested in charge-
multichannel Kondo quantum dot devices, where the dissipated work corresponds to the creation of
nontrivial excitations such as Majorana fermions or Fibonacci anyons.
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Universality emerges near classical or quantum phase
transitions and determines equilibrium as well as non-
equilibrium properties [1]. For example, when a system is
driven in a finite amount of time across a quantum critical
point (QCP), excitations are created at a rate dictated by
Kibble-Zurek (KZ) scaling [2,3]. Universal nonequilibrium
behavior is also found in the sudden-quench (impulse)
limit, when a system is subjected to an abrupt change in
parameters [4].

Such nonequilibrium processes can be characterized by
the work done on the system [5-7]. The full work
distribution function (WDF) contains rich information
about the nonequilibrium state of a system, including
quantum coherence effects, and satisfies fluctuation theo-
rems such as Jarzynski’s equality [8]. Recently, the funda-
mental properties of the WDF for quantum many-body
systems have been the subject of intense study. In particu-
lar, the irreversible work in the sudden limit is known to
diverge at a QCP like a susceptibility [9-13]. Away from
the sudden limit, general statements about entropy pro-
duction can be made [14], and in the adiabatic limit of slow
driving, the full WDF can be calculated because the system
remains close to equilibrium [15]. In this case, quantum
coherence is shown to induce non-Gaussianity in the WDF,
and the implications of this for Landauer information
erasure have been explored [16,17]. Interestingly, only
the higher moments of the WDF display quantum coherent
effects. Non-Gaussian WDFs have also been observed for
finite systems away from the adiabatic limit [18,19].
However, exact results for the WDF of true quantum
many-body systems along the full crossover from the
sudden-quench limit, through the KZ regime, to the
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adiabatic limit have proved elusive. This is because
strongly correlated quantum critical systems, in the thermo-
dynamic limit and out of equilibrium, are notoriously
difficult to treat—either analytically or numerically.

One promising route forward is to consider the linear
response (LR) regime, in which a weak perturbation is
applied to a critical system. This has the advantage that
nonequilibrium properties can be related to equilibrium
correlation functions, with no restriction on the time = over
which the driving is applied—from sudden (z — 0) all the
way through to adiabatic (z — o0). The system-environ-
ment coupling can also be strong.

Remarkable experiments with quantum dot (QD) devices
[20-25] have demonstrated that the WDF can be extracted
in the classical regime by driving the QD gate voltage while
performing a weak continuous measurement of the QD
charge. However, the WDF has not been measured in the
quantum regime of such systems. In particular, the WDF
across a quantum phase transition in the KZ regime has not
yet been considered. QD devices may be a uniquely
appealing platform to study critical quantum work statis-
tics, since generalized quantum impurity models that
support nontrivial QCPs can be realized and probed
experimentally [26-32]. Indeed, the required gate voltage
control and measurement of the QD charge is possible in
these kinds of system [33,34].

Motivated by this, here we develop a theory of the
quantum work statistics of boundary critical models,
exploiting universality of the QCP to obtain exact results
in the case of a weak perturbation applied in finite time. We
apply this to Kondo models describing recent QD experi-
ments and confirm our predictions using numerical renorm-
alization group (NRG) calculations [35-38].
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FIG. 1. (a) System S and environment £ are coupled but share a

conserved charge. In a quantum dot setup, the dot spin (red) can
be flipped with a compensating spin flip of an electron in the lead
(blue). We consider the dissipated work, due to a weak pertur-
bation A(7) such as a magnetic field, ramped in a finite time 7.
(b) Multichannel Kondo systems exhibit quantum critical physics
and universality in the intermediate regime 7" < T < T, where
Tk is the Kondo temperature and 7% — 0 at the QCP. (c) We
obtain the full, universal crossover from sudden-quench to the
adiabatic limit, including the intermediate KZ regime.

Setup—We consider a generic open quantum system
setup, consisting of a system S coupled to an environment
&; see Fig. 1(a). The full, unperturbed Hamiltonian is
Hy= Hg + Hg + Hge, where H e describes the coupling
between the system and environment. Suppose that S and £
share a conserved charge N =Ng+ Ng such that
[ﬁIO,N] = 0, although N s can, of course, fluctuate. We
then apply a perturbation coupling locally to the charge of
the system H(f) = Hy+ A(t)Ng, where the work param-
eter A(¢) = At/ is ramped up from A =0 to 1 = A over a
finite time duration z by an external agent [39]. Our main
focus will be the dissipated work Wy, = W — AF irre-
versibly spent to drive the system out of equilibrium from
an initial thermal state [10,40]. Here, W is the stochastic
quantum work defined through a two-time projective
energy measurement at the beginning and end of the
driving [41], and AF = F(z) — F(0) is the change in
equilibrium free energy at the initial temperature 7. The
WDF provides a complete stochastic thermodynamic
description of the process [41]:

P(W> = Z <n0|p0|n0>pm,\n05(W - Em, + Eno)' (1)

me,no

Here, p, is the initial thermal state and p,,

o =
|(m.|U,|ny)|* are the conditional probabilities, where we
have used the instantaneous spectral decomposition
H(t)=3,E,|n;)(n,]|. The final (nonequilibrium) state
of the system p, = U,p,U}l is obtained from the time-
evolution operator U,. In the adiabatic limit p,,, = &,
whereas in the sudden limit p,, |, = |(m.|no)|>. The

behavior for finite-time driving is highly nontrivial. This

standard definition of the quantum work satisfies the
fluctuation theorems [41] and is closely related to the
irreversible entropy [42,43]. For a discussion of alternative
formulations, see, e.g., Refs. [44,45].

One can obtain the n th moment of the WDF (W") =
(=1)"[d"/du"|h(u)|,_o from the generating function
h(u) = [dWP(W)e ™V, where [41]

h(u) = Tr[Ue (BotaNs) g _o=F-wHo) /2 (2)

Useful results in the sudden-quench limit z — 0 follow
immediately from the Zassenhaus formula [13,46]:

(W) = A"(N)o + 6Q,. (3)

where the first term is a purely classical contribution and
6Q, is a correction coming from quantum coherences.
Interestingly, 69Q; = 6Q, =0 such that the first two
moments do not contain information on the inherently
quantum part of the work. For the third moment
(461, 6Q; = (A%/2)([Ns.[Ho. Ns]l)o =~ (A*/2) Trlpo A se).
Higher moments involve more complicated nested
commutators.

Such a splitting into classical and quantum contributions
has also been discussed in other settings [17,50-52].

Work statistics for a noninteracting QD—As the sim-
plest example, we consider driving the potential e, (7)=A(r)
of a spinless single-level QD (the system &) connected to a
metallic lead (the environment £). The QD-lead system
is described by the resonant-level model (RLM),
H(t) = es(t)d'd + >, ekack + Hge, where the QD-lead
coupling Hge = Zk(chj;d + H.c.) allows the QD elec-
tron number 7 = d'd=Ns to fluctuate.

At high temperatures 7 > T, where I' = zv Y, |V |? is
the level width and v is the density of lead states at the
Fermi energy, the dynamics is described by a master
equation. Denoting the probability that the level is empty
or occupied by p, and p;, respectively, we have
P =Tlpoflea()] = p{l = flea(D)]}].  where  f(e) =
(14 ¢/T)~! is the Fermi distribution. Depending on the
stochastic trajectories n(#), which classically jump between
0 and 1, the work is obtained in experiments from
W = [ dt|de,/dt]n(t). Using this definition, and with
real-time charge detection of the QD, the full WDF has
been extracted in the classical regime in various experi-
ments [20-25]. As observed experimentally [22], in the
sudden limit 7" < 1 the WDF acquires the line shape of
two sharp peaks, P(W)=(7),6(W—A)+ (1—{(7),)5(W).
The corresponding moments follow as (W") = A"(it),.
These are precisely the classical contributions to the work
statistics in the sudden limit from Eq. (3) (i.e., 6Q, = 0).

At lower temperatures, we expect quantum corrections.
Even though the RLLM is a very simple model (noncritical,
noninteracting), the QD and lead states do become
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FIG. 2. Crossover in the dissipated work (W) due to a weak perturbation A(¢) = At/z ramped over a finite time 7, from sudden-
quench to adiabatic limits, for noncritical (a), (b) and critical (c), (d) quantum dot systems. (a) Spinless resonant level model describing a
noninteracting quantum dot, subject to a ramp of the dot potential A(f)=e,(¢); see the inset. (b)—(d) Multichannel Kondo models with
M =1, 2, 3 channels, respectively, subject to finite-time driving of the magnetic field A(7)=B(¢) (results obtained by NRG using
J = 0.08D). Such models describe charge-Kondo circuits with a metallic island coupled to M leads; see the insets. Dashed lines in (c)
and (d) are the CFT scaling predictions derived from Eq. (B1). Shown for different temperatures 7/A = 10" with n = =5--- + 2 for
black, magenta, blue, brown, green, orange, purple, and cyan lines (A =T" for RLM and T for CMCK).

entangled and the dynamics is non-Markovian. Computing
the exact result for the third moment of the quantum WDEF,
we get a term beyond that captured by the master equation,
8Q; = — 1 A’Tr[poH 5¢]. For the RLM, exact expressions

for (71}, and (Hg¢), can be easily obtained using Green’s
function methods [46].

Linear response—Within LR (small A limit), the WDF
can be obtained from the relaxation function [49]:

V(1) = / P ds(Ws(~is)Ns(0)o - PR (4)

where Ng(t) = e’ N ge~"', Determining the relaxation
function is, in general, nontrivial. However, we find that its
Fourier transform Wy (w) = [ di¥,(t)e'" is simply related
[46] to the standard correlation function:

where y(0)=(Ng; Ng)),, is itself the Fourier transform of
the retarded function y(¢) = i(t)Tr{po[Ns(t), Ns]}. We
find that ¢(7') = 0 when the environment has a continuous
gapless spectrum—as for all systems we consider. In this
case, cumulants of the WDF can be expressed as

K"fv_
yiie

with sinc(x)=sinx/x. In particular, xh,=(Wg) is the
expected dissipated work, and &}, = (Wgiss — (Wiss))™)
are the central moments of Wy, for n =2, 3.

For the RLM describing a noninteracting QD, Im y(®)
can be obtained exactly, and the resulting behavior of
(Wiss) is plotted in Fig. 2(a) along the full crossover from
sudden to adiabatic at different temperatures.

J420"2sinc? (%) Imy (o) :nodd,

J420"2sinc? (%) coth(£) Imy (w) :neven

Richer behavior of the work statistics can be expected in
strongly correlated systems, especially near a QCP.

Charge-Kondo circuits—Nanoelectronic circuits incor-
porating hybrid metal-semiconductor components perform
as essentially perfect experimental quantum simulators of
multichannel Kondo models [29-33]. Near-degenerate
macroscopic charge states |[N) and |[N + 1) on a capacitive
metallic island act as a charge pseudospin—% degree of

freedom S, (the system S) that is flipped by tunneling at
quantum point contacts to M metallic leads (the environ-
ment £). The charge M-channel Kondo (CMCK) model
reads [53] Hy=BSS+ M S ewch Coko + Hases
where here the system-environment coupling is Hge =
J(8757 +He.) and 57 =3, S Cjnucmk%‘ The effec-
tive magnetic field B biases the island charge states and is
controlled in practice by a gate voltage. These models are
highly non-Markovian open quantum systems in which
strong, multipartite system-environment entanglement
builds up at low temperatures 7 << T, where T is the
Kondo temperature [54]. The M = 1 version, referred to as
CI1CK, is a noncritical system with a Fermi liquid ground
state. All M > 1 models, referred to as C2CK, C3CK, etc.,
display boundary critical phenomena due to frustrated
Kondo screening of the island charge pseudospin. At the
QCP (B = 0), the C2CK model is described by an effective
Majorana RLM [31,55], but finite B induces a crossover
scale T* ~ B?/Tg; see Fig. 1(b). For C3CK, the island
hosts a free Fibonacci anyon [56]. M =1, 2, 3 versions
have been realized experimentally [29,30,33].

We analyze the quantum work statistics resulting from
driving the effective field in finite time by varying the
island gate voltage, where now Ng = 87 and A(r) = At/t
as before. Our previous results [Eqs. (3) and (6)] are general
and carry over. All nontrivial information is, therefore,
contained in the impurity dynamical spin susceptibility
x(®) = (5555 In the sudden limit, the first three
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FIG. 3. Universal work statistics phase diagrams in the
(T/Tg,B/Tk) plane for the sudden-quench limit, comparing
the C1CK model (noncritical, left panels) with the C2CK model
(critical, right panels). The expected dissipated work (W) in
the top row panels shows divergent behavior on approaching the
QCP for B << Tg and T < Tk in the C2CK model (but saturation
for C1ICK) consistent with interpretation as a susceptibility.
Middle row panels for d;(W3,,) show the appearance of the
critical scale 7% in the C2CK model, reflected also in the
thermodynamic entropy AS shown for reference in the bottom
row panels (regimes labeled by their RG fixed points). Note that
(W3..) and AS are connected by a Maxwell relation. Results
obtained by NRG for J = 0.08D.

moments can be obtained from the observables (3‘3) and
(8457 4 8757). These must be computed in the full (lead-
coupled but equilibrium) CMCK models.

CICK model—Work statistics for the single-channel
charge-Kondo model are obtained as above from
Im y (@) computed from NRG [35-38]. The system is non-
critical, and so we find that (W) shown in Fig. 2(b)
behaves similarly to the RLM, despite being now a strongly
interacting model—except the C1CK scaling is in terms of
the emergent Kondo temperature 7'y rather than the bare
hybridization I" of the RLM. Further results in the sudden
limit are discussed below in connection with Fig. 3.

Dissipated work across a QCP—Figures 2(c) and 2(d)
for the C2CK and C3CK models show the evolution of the
dissipated work along the crossover from sudden to
adiabatic when driving across the multichannel Kondo

critical point. From NRG results, we find universal scaling
collapse in the KZ regime at intermediate driving times
T/Tx < 1T < 1, with (W) folding progressively onto a
universal curve in both cases over a wider range of 7 as the
temperature 7 is decreased. For 7Ty < 1, the behavior
departs again from KZ scaling and approaches the sudden
limit. Note that signatures of the QCP show up in all
moments of both the dissipated work and the work itself.
Exact results for the KZ and adiabatic scaling regimes
(dashed lines) will be discussed in the following.

Universal results for boundary QCPs—For C2CK and
C3CK models, the multichannel Kondo critical points are
described [54] by boundary conformal field theory (CFT).
Importantly, we find the relaxation function is restricted to
take a conformal-invariant form near the QCP:

0=t [l s (qgicrm) - O

where A is the scaling dimension of the operator N g at the
QCP (here, Ky %). This result applies for any QCP described
by a boundary CFT, independently of its central charge.
This universal form applies for driving times 7 much larger
than the short timescale A~! associated with the QCP (for
CMCK models, the role of the cutoff A is played by the
Kondo temperature 7' )—but it can be either large or small
compared to the inverse temperature £ = 1/T. From
Eq. (7), one can write Wy(t) = f>22fy(t/B), where
fw(x) is some scaling function. This implies universal
scaling of the work statistics for driving across the QCP,
controlled only by the scaling dimension A. For CMCK
models where Ng=S3, the scaling dimension of the
impurity magnetization in the universal regime is A =
2/2+ M) for M >2.

Equations (6) and (7) are general and allow the work
statistics in LR to be obtained for any critical system
described by a boundary CFT for any 7 > A~!. Below, we
extract key results for the three scaling regimes identified in
Fig. 1(c).

Adiabatic limit—For long ramps 7 > T~!, Eq. (6) yields

1 ~
<WdiSS>T—>00 = ETAZT_MP(G) = O) (8)

Since the relaxation function does not depend on 7, in the
adiabatic limit the dissipated work decays as 1/z for any A.
Furthermore, the scaling form of W,(z) implies specific
temperature dependences. We find (W) ~ T*272/7 as
well as k2, ~ T?27! /7 and &3, ~ T*27! /72

Sudden limit—The field theory results do not strictly
apply for 7 < A~!, and the cutoff A=Tx in CMCK models
1s finite. To access the sudden limit, we instead take 7 — 0
in Eq. (6), from which it follows that
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_AZd(Ng)
2 dh |,

1
<WdiSS>T—>0 = ETAZlPO(t = O)E

. 9)
where we have used the fact that the zero-time relaxation
function is related to a susceptibility [46]. This result
also follows from Eq. (3) by writing Wy = W — AF
and expanding AF to second order in A, noting that
dF/d) = (Ng). Similarly, for the third cumulant we
find [46]

dw @* - A% .
Ky =A% [ ——=¥y(0) =6Q3=——(Hgg)o. (10)
T 2

NRG results for CICK and C2CK in the sudden limit,

using N 553‘3, are presented in Fig. 3. Top panels show the
diverging dissipated work in the critical C2CK model for
T,B <« Tk, which follows from the log-diverging static
magnetic susceptibility d(S%)/dB near the QCP. By con-
trast, no divergence is seen in C1CK which has a saturating
magnetic susceptibility and no QCP.

Middle panels show od7(W3. ) obtained from «j, in
Eq. (10), which shows very clearly the vanishing 7™ scale
in the vicinity of the QCP in the C2CK model. The C1CK
model does not support this critical region and is a Fermi
liquid (FL) for all T <« max(Tg, B). The structure of the
phase diagram for o7 (W3, ) reflects that of the thermody-
namic entropy change AS upon completely polarizing the
impurity spin, as shown in the lower panels. This relation
can be understood from Eq. (10) by applying the Maxwell
relation o (H g¢) = —Jd,S, which implies that a crossover
in the entropy is accompanied by a peak in |op (W3 )|; see
End Matter for details.

Kibble-Zurek regime—The most interesting physics
arises in the KZ regime Tx! <7< T of the critical
CMCK models. This is precisely where the CFT scaling
results apply. As shown in End Matter, analysis of Egs. (6)
and (7) leads to the following KZ scaling predictions
(which hold in LR for finite-time driving across any
boundary QCP). For the dissipated work, we find

(A/T)A-!

A-1A2 <Wdiss> =

{—ln(ﬂTT) A=1/2, (an

Cq —Cz(ﬂ'TT)l_ZA A< 1/2,

where c¢; and ¢, are positive constants. For C2CK and
C3CK, this behavior is confirmed in Figs. 2(c) and 2(d).
The full crossover curves for 7 > 7, can also be computed
from Eq. (7). Exact results for all 7" can alternatively be
obtained for the special case of C2CK using the Emery-
Kivelson method [55] and are found to agree with the more
general field theory predictions for A = 1/2 when 7 > 7,;
see End Matter.

Outlook—The nontrivial properties of the QCPs dis-
cussed here, which support boundary-localized Majorana
fermions and Fibonacci anyons [31,55-57], are shown to

have unique work distribution functions. While charge-
Kondo circuits realize these multichannel Kondo critical
points [29-32], or, alternatively, spin-Kondo QCPs in
semiconductor QDs [26], experimental challenges remain
for extracting the WDF in the quantum regime [58].

Our results have implications for Landauer information
erasure in quantum dot devices, extending the role of
quantum coherence [16,17] to the regime of strongly non-
Markovian dynamics and many-body physics. We also note
a possible connection between quantum work statistics and
the quantum Fisher information due to a ramped LR
perturbation [59], since both quantities are controlled by
the same relaxation function.

Notice that LR is valid in a limited validity regime;
particularly, in our models we require A < y~!, with y
being the static charge susceptibility. While the latter
diverges at T = 0, a finite validity regime exists at finite
temperature. The work statistics beyond LR remains a
largely open problem for many-body quantum systems.

Note added—Recently, we became aware of a related
work, Ref. [60].
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End Matter

Relaxation function as a dynamical susceptibility—
Equation (5) is derived in Supplemental Material [46]. In
general, it contains a delta-function contribution with the
temperature-dependent coefficient ¢ (7). It is given by

d(Ns)
d |

¢(T) = —Refy(w = 0)] - (A1)

For open quantum systems with an environment that
has a continuous gapless spectrum, LR theory provides a
connection between the dynamical susceptibility y(w)=
i [ dte™ ™ Tr{po[Ns(1), Ns]} and the static susceptibility
(d{Ng)y/dA) at a given temperature 7. Specifically,
Re[y(w = 0)] = —(d(Ngs)y/dA) and, therefore, ¢(T) = 0.
Thus, Eq. (6) is exact for such systems in LR. For finite
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closed systems or for systems coupled to an environment
with a discrete spectrum, the Kubo formula for the static
susceptibility no longer applies, and c(T) is generically
nonzero. In this case, the first two cumulants (only) in
Eq. (6) pick up a correction [46]. We interpret this in terms
of a heating of the system. This correction will typically
vanish in the thermodynamic limit when the total heat
capacity of the environment diverges.

Derivation of Eq. (11)—The integral in Eq. (7) can be
performed explicitly for any A to obtain

ﬂ.2A—l T2A—2 i 1
Wo(t) = A e~"A sin (zA)B (—cschzmT; A, 5)
(B1)
where B is the incomplete beta function. For A = %
W, (1) = 2(AT) 'arccoth(cosh 7T). (B2)

The short-time (71T < 1) behavior of W((z) is directly
related to the KZ scaling of the work statistics.
Expanding Eq. (B1) as a series in ¢, we find

NN/ TS24 (1)
—2In(ztT) + O(1) A=1/2, B3
{ ¢ =& (mT)' A+ 0(T)> 24 A< 1/2, (B3)
where  both & =sin (zA)x*A732I'(1 = A)[(A)  and
¢,=2sin (7A)z**~1(1 — 2A)~! are positive constants that
depend on A. Therefore, as t— 0, Wy(r) shows a
logarithmic divergence for A =1, but W, () saturates to
a finite value in a power-law fashion for A < %

For the dissipated work, Eq. (6) can be rewritten as
(Waiss) = TA? [ du(1 — u)®y(ru). In the KZ regime
7T < 1, and for 0 < u < 1, Wy(zu) can be approximated
by Eq. (B3). Substituting it into the integral yields Eq. (11)
withc; = ¢, /2and ¢; = &/[2 +3(1 —=2A) + (1 —=2A)?].

Similarly, x3, can be expressed as k3, = TA?772[¥(0) —
W, (z)] from Eq. (6). Combining this with Eq. (B3) yields in
the KZ regime

(A/T)*A 1 e {Z(TT)‘2 In (7/7,)
AA? e ch(meT)~1724

A =1/2,

(B4)
A< 1/2,
where ¢ = ¢,n? and 7o~ Tx' is a UV cutoff, which is
introduced because ¥, (0) diverges for A = 1/2.

Dissipated work in the sudden limit as a suscepti-
bility—Equation (9) makes clear that the dissipated work
as 7 — 0 is related to the charge susceptibility of the
system (or the static spin susceptibility in the Kondo
language). This is vividly illustrated in Fig. 4, where we
show (Wgg) in the sudden limit upon reducing the
temperature. For noncritical (Fermi-liquid) systems such

AA42 <Wdiss> |‘r~>0

FIG. 4. In the sudden-quench limit 7 — 0, the dissipated work
(W4iss) in LR is proportional to a susceptibility; see Eq. (9). At
low temperatures, (Wy;,) thus saturates to a finite constant for
RLM and CI1CK, but it diverges for critical systems like C2CK
and C3CK in a way that is characteristic of the QCP. Here, A =T
for RLM and T'x for CMCK. We set B = 0.

as RLM and C1CK, the dissipated work saturates at low
T, whereas it diverges for the critical (non-Fermi-liquid)
C2CK and C3CK models. This is a characteristic hall-
mark of quenching a critical system. For C2CK (W y;s)~
In(Tg/T), whereas for C3CK (W i) ~(Tx/T)'/>.

Relation  between o (W3.) and thermodynamic
entropy—Figure 3 shows a remarkable similarity in the
structure of the CMCK phase diagrams for op (W3 )=
drkyy in the sudden limit and the impurity contribution
to the total thermodynamic entropy, AS. This connection
can be made precise by considering a local Maxwell
relation. Since the entropy in the (B,T) plane gives
characteristic information on the RG fixed points and
crossover energy scales, we see that the quantum work
statistics (starting at K%V, where coherence effects first
enter) inherit these useful diagnostic properties.

First, let us write Hge = JOgg, where Oge = S’jfv; +
S787 for CMCK models. With F(T,J) the J- and
T-dependent free energy, consider a quasistatic process
J:J = 0, keeping (B, T) fixed. The entropy change for this
process—that is, the difference in total entropy of two
equilibrium systems with couplings J and J = 0—is
related to AS plotted in the lower panel in Fig. 3.

The entropy can be obtained from the free energy as
S = —0;F(T,J). On the other hand, 9,F(T,J) = (Og¢)
such that from Eq. (10) we find &3, = —1JA%0,F(T,J).
Since (0°F/dJoT) = (0*F/dTdJ), we have the Maxwell
relation 9,8 = —07(Og¢). Therefore, o7k, is related to
changes in entropy. Crossovers in AS (e.g., between fixed
points) correspond to minima or maxima in drki,, as
observed in the middle panel in Fig. 3. This relation holds
in the sudden limit at LR.

Behavior of op(W3. ) away from the sudden limit—
For the C2CK case, Eq. (B2) can be used to find the

130402-8



PHYSICAL REVIEW LETTERS 135, 130402 (2025)

CFT| 43
EK 37
0 =
= S
= 12 3
C =3
S X
X Q
2 =
1
< =
&
5_
220 E L ium Liium Lo ol sl
10 - y - 0
10 10° 0t 107 10" 10° 10'
T/A T

FIG. 5. Evolution of the third moment of the dissipated work
(W3,,) for the C2CK model, plotted as o7 (W3.,) vs T/A (left)
and A/T x op(W3,) vs T (right), where A = T is the cutoff
here. The CFT prediction [dashed and dotted lines, Eq. (E1)]
agrees with the full EK solution (solid lines) in the scaling regime
7> 1/Tk. The inset shows the temperature 7', of the peak in
0r (W3, which saturates at T, ~ Tg for 7 < 1/T. Plotted for
A = 10" with n = 4, 2,0, -2, —4 for black, blue, red, magenta,
and green lines in the left panel; and T/A = 10" with
m=-3,—-15,-1,-0.5, 0 for black, green, blue, magenta,
and orange lines in the right panel.

full field-theory prediction for op(W3. )=d;«x3, for

diss
T > 1:

1 dK?,V T 2 atT |
A? dT A [(«T)? \sinh(zzT) '

As shown in Fig. 5 by the dashed and dotted lines,
orky, displays a peak versus temperature. While the
middle panel in Fig. 3 shows this peak in the sudden
limit ¢ — 0 at T = Tk (horizontal black stripe), Eq. (E1)
indicates that this peak evolves to finite 7 by shifting to
T =17"' with a height that scales as 77!. As we
approach the adiabatic limit, this energy scales 1/z — 0,
which shows that 7 acts like an inverse energy scale to
the QCP. Note that the sudden limit is not captured

by Eq. (El).

Emery-Kivelson solution for C2CK—The low-energy
(Fermi-liquid) crossover of the C2CK model can be
obtained exactly using the bosonization methods of
Emery and Kivelson (EK); see Refs. [29,55]. The
effective model is a noninteracting Majorana resonant
level model:

(E1)

f=caddivy [~ dwop-+Tw(0) +v O] -a)

—0o0

(F1)

where d is a spinless fermion operator for the impurity
and w(x) is a field operator for 1D conduction electrons
at position x (with x =0 the impurity position). Here,
vy is the Fermi velocity and J = J/v/27a with a the
lattice constant. The model is exactly solvable, and, in
particular, for ¢; = 0 we have [55]

1 ® r
Im;((a)) = Etanh <ﬁ> m ) (FZ)

with T'=J%/(zvpa) the level width. In the original
Kondo model, T plays the role of I'. Moments of the
dissipated work then follow from Eq. (6).

These exact analytic results are plotted as the solid lines
in Fig. 5. Note, in particular, that the EK solution for C2CK
captures the full crossover of the work statistics in 77,
including the sudden limit. The peak in op (W3 ) (left
panel, inset) scales as 7! for zA > 1 but correctly saturates
for zA < 1, with A =T in the EK model. NRG results for
the bare C2CK model show the same saturation behavior
(except with A = T'g as expected). The CFT results (Fig. 5,
dashed lines) agree perfectly with the EK prediction in
the scaling regime 7T < A; however, the crossover to the
sudden limit is not recovered (dotted lines) due to the finite
CFT cutoff A.

NRG calculations—Our NRG [35] results for the
M-channel charge-Kondo models were obtained utili-
zing the interleaved Wilson chain technique [37], with
dynamical quantities obtained using the full density
matrix approach [36]. Moments of the dissipated work
distribution shown in Fig. 2 involved calculation of
the finite-temperature, real-frequency retarded impurity
dynamical spin susceptibility, y(w,T) = (5% Afj»u,j.
For Fig. 3 in the sudden-quench limit, the static
susceptibility d(S3)/dB and d(Hgg)/dT were calculated
using the differentiable-NRG  methodology  [38].
Throughout, we used an NRG discretization parameter
A =125, combining the results of N, =2 calculations,
and kept N, = 5000, 12000, and 40000 states for the
M =1, 2, and 3 channel models, respectively. We used
J =0.08D in terms of the conduction electron band-
width D, yielding a Kondo temperature Ty =10"1"D=A.
Results presented are, therefore, all in the universal
regime.
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S-I. DERIVATION OF EQ. 3

In the sudden-quench limit, U, — Z, the generating function h(u), given in Eq. 2 in the main text, reduces to
h(u) = Tr[e_“(H°+ANS)e_(5_")ﬁ°]/Z . (S-1)

Here Z is the partition function of Hy and 3 = 1/T (with kg, h = 1). Using the Zassenhaus formula, the first term

—u(Ho+ANs)

inside the trace e can be expanded as an infinite product

o—u(Ho+ANs) _ —uHo,~uANs ,—% Ho,ANs] ,— % (2[ANs,[Ho, ANs|+[Ho,[Ho,ANs]]) . . (S-2)

b

=ec
where -- - represents exponents of higher order in w. Substituting Eq. into Eq. we have

h(u) = (e~ vANs =5 [Ho, ANs] = (AN, [Ho, ANS]|+[Ho, [Ho, ANS]) .y (S-3)

where (-)g = Tr{po-}. The n*® moment of the WDF is given by (W") = (—1)"-%h(u)|,—0, and thus can be calculated

dum >
from Eq. by keeping the first n terms. The classical contribution comes from the first exponent: Expanding e~ %ANs

as a series of powers in v and substituting it into (W) = (—1)" d‘fnh(u)\u:o results in the term given by A™(N2Z)q
in Eq. 3. All other contributions originating from higher exponents are defined as §Q,,, and, in particular, we find

§Q1 = 6Qy =0, 6Q3 = AX([Ns, [Ho, Ns]])o-

S-II. DERIVATION OF EQ. 5

Our derivation is made up of 2 steps. First, we show that %d‘l’é’t(t) = —iTr [p[Ns(t), Ns(0)]|, following Ref. [I.
Recall the definition of Wy(t),
B . . .
Wo(t) = 6 [ ds (Ns(-i)Ns(t))o - SN} (5-4)
0

where Ns(—is) = esHo Nge=sH0 and Ng(t) = e'Hot Nge—Hot Using the identity
B o
J R e (5-5)
0
which holds for any operator /1, we have

B . ~ N
%dq’;t(t) _ /O ds(Ns(—is)[Ho, Ns(t)])

B
:i/ dsTr
0
B
:i/ dsTr
0

6—51:10 R L N
—iTr Z Nge_ﬁHO [Ng(t),eﬂHO]

-BHo . .
£ esHoNgemsHo[f,, Ns(t)]]

e—ﬁﬁo

Nge_SHO [Ho, Ns (t)]eSHO]

= —iTr [po[Ns(t),Ns]} . (5-6)



Second, we express the Fourier transform of f(t) = —iTr [p[Ng(t), Ns(0)]| in terms of the Fourier transform of

x(t) = i0(t)Tr | po[Ns(t), Ns]|. By definition, x(t) = —0(t)f(t), thus we have

xw) == [T e
— 22080 d (w—Q)t—nt
/ £(9) /0 te

Lo 2T

°° dQ —1
:_/_Oogf(g)ﬂ—w—in

ds) . 1 1
=P glf(Q)in—gf(W)-

Now, since f(t) = — f(—t) it follows that f(w) is purely imaginary, so that the first term in the last line is purely real.
We can eliminate it by taking the imaginary part of the equation, which yields f(w) = —2ilmy(w). Finally, noticing

1 d¥o(t)
that E (;t

= f(t), we conclude
Ty(w) = %Imx(w) + 2W@5(w). (S-7)

The second term proportional to §(w) could in principle appear if the relaxation function Wo(t) contains a finite
constant term (that is, o (t) — ¢(T)/T as |t| = o0).

A. ¢(T) from Lehmann representation

Below we give an expression for ¢(T') using a Lehmann representation. We thank Mark Mitchison for pointing this
out to us. First, we notice that

e—BEm

(Ns(—is)Ns(t))o =

m,n

e~ (7 E=Em) | (1| Ns|n) . (S-8)

To integrate over s, we separate the sum into terms with E,, = E,, and terms with E,, # E,, and we get

[ astsinNswn = ¥t o (m|Nspn)l? +5 3
. S S 18)INS 0= E En 3 m|iINs |

Em#E, ™ Em=E,

6_5E7n

eit(En _Ern)
zZ

[{m|Ns|n)|*.

(S-9)
The terms with E,, = E,, together with the term 3?(Ng)3, give the ¢(T) term in Eq. upon Fourier transformation.
The Lehmann representation of the relaxation function shows that

e=BEm .
oT)=p ( > = |(m|Ns[n)[* - <N3>(2)> : (S-10)

m=En

S-III. PHYSICAL CONDITION FOR ¢(T) =0

We can obtain a relation of ¢(7T") from Eq. by integration over w, which gives the relaxation function at ¢t = 0.
As given in Eq. 9 in the main text, and derived in Sec. [S-V] this gives the static susceptibility,

—dg” :T/;l—:\llo(w) - %/m%w(m (S-11)

thus we have

dﬂ:—%ﬁ”—i/mpﬁwﬁ (S-12)



where the static susceptibility d%\;‘s) is evaluated at A = 0. Since the retarded correlation function y(w) is analytic in

the upper-half complex plane, the Kramers-Kronig relation yields,

1 I
Rex(w =0) = — /dww. (S-13)
™ w
This gives
d(N,
oT) = _dNs) Rex(w = 0) (S-14)
dA
At a given temperature 7', typically one can deduce that Rey(w = 0) = — d<§)\s>° according to linear response theory,

so that ¢(T) = 0. This indeed holds in all the cases studied in our work, where we have open quantum systems

and an environment with a continuous, gapless spectrum. The condition for ¢(T") = 0 is therefore that the static

susceptibility d<g\5 ! can be obtained from the Kubo formula in the usual way. This can break down for closed finite

systems or open systems with discrete environments.

A. Explicit demonstration that ¢(7T") = 0 in RLM and Majorana RLM

For the RLM and Majorana RLM, we have analytic expressions for both x(T') = d<£\s ) and TImy(w), so ¢(T) can

be extracted explicitly. We confirm that ¢(T") = 0 in both cases.
For Majorana RLM, we have

1 w I
at A =0 and
- 1 A 1 T +:A 1 T —:A
(s =5 - m{ ¢ oG + ) =i+ | (5-16)

where A = v/4\? — T'2. Substituting into Eq. we indeed get ¢(T) = 0.
Similarly, for RLM, we have

2 1 1 r 1 r L w
Imy(w) = Im [ﬂ”ﬁ; T 2is x (¢(2 to ) VGt o - Z%T)ﬂ ; (5-17)
and
- 1 1 1 T—iX 1 T H4iaA
(Fsho = 5+ g |45 + 5 = 0( + 5| (519

Again we find ¢(T) = 0 via Eq.
Let us point out that we have checked that ¢(T) = 0 also for the C2CK and C3CK models using our NRG
calculations.

B. Example of a scenario where ¢(T) # 0

In situations where the Kubo formula for the static susceptibility d<é\;‘s> in terms of the dynamical susceptibility

X(w) would not apply, one might expect that ¢(T') could be finite. To illustrate this scenario, consider the following

simple Hamiltonian H, for an isolated two-level system, and the operator Ng,

~ z 1 o 10

pamu (i), o= (30). 10
The retarded correlator x(t) = i6(t)Tr {,00 [Ns(t), NS(O)} } is in this case given by,

2tanh (%2 VA +2?)
t) =
x(®) 4 + 22

sin (wt 4+ xz) o(t), (S-20)



from which we find,

2 tanh (%"\/4 + x2)

Rex(w =0) = w(d 1 2272 (S-21)
On the other hand, a direct calculation of the susceptibility gives
d(Ns) _ _lﬂwmz/(él + 2%) + 4sinh (Bwv4 + 22) /(4 4 2%)3/2 . (5-22)
dA w 2 (1 + cosh (Bwv4 + 22))
Substituting Eq. and Eq. into Eq. (S-12), we get
2
oT) = ﬂ2(4 +22) (1 4 cosh (Bwv/4 +22)) (5-23)

which is indeed finite for any finite z and 7. The Lehmann representation of the relaxation function, Eq. can be
checked to match Eq. [5-23] exactly.

C. Discussion

The only possibility for the non-cancellation of the two terms contributing to Eq. is that the time evolution of
the unperturbed state under the Hamiltonian H(t) = Hy+0Ae%* Ns, which features in the linear response formulation,
does not coincide with the thermal state of the final Hamiltonian H(0) = Hy + OANs at the same initial temperature
T. In fact, this is exactly what happens in the two level system considered above. The work done by the time
dependent Hamiltonian changes the internal energy of the system, and this is accounted for by a temperature change
of order d\.

The general condition for the latter phenomena not to occur, is that the system under consideration is coupled to a
thermal bath. In the examples studied in our work, we consider extended systems with a continuous gapless density
of states. Hence the leads act as a thermal bath, and this infinite set of modes absorbs the energy change of order 6\
without causing a change in temperature of the bath.

Hence, the general condition for which ¢(T") # 0 is that the total specific heat capacity is finite. The metallic
leads featuring in generic quantum impurity systems have a finite specific heat capacity per unit volume, meaning an
infinite total specific heat capacity. Thus ¢(T) = 0 in these systems.

S-IV. DERIVATION OF EQ. 6

In LR, the cumulant generating function K (n) = In{e~7%Waiss) admits an explicit expression?

k) = [ a0 [ ariw) [ G, (5-24)

sinh(£20=1)) gin( 2o

: )
o s (52) . All the cumulants of the WDF are given by

with g,(w) =

~ . 12
[ dw "t Uo(w) ‘fOT dtA(t)e™? : n odd

. 12
Jo dtA(t)e

22BKy, = (S-25)

o noeven

[ dw w" ! coth(£%) Uo(w)

= A%sinc?(wr/2). Substituting it into Eq. [S-25, and

T
For linear ramp, \(t) = At/7, thus we have ‘ Jo dtA(t)e™
noticing Eq. [S-7 and Eq. [S-14] we get

2K, [ dw w1 sine®(47) (Imf)& — mo(w) [‘“dL;\ﬁ + Rex(w)]) : m odd

. S-26
Az J dw w1t coth(s5%) sian(%) (M — mé(w) [% + Rex(w)]) . n even ( )

w



We note that the delta-function piece inside the integral contributes only for the n = 1 and n = 2 cumulants. For all
n > 3 the cumulants are given exactly by Eq. 6 of the main text, even when ¢(7T') is finite. For n =1 and n = 2 we
pick up corrections, leading to:

2rkly )T <d<N5> + Rex(w =0) ) + [ dw w™ ™2 sinc® (<) Imy(w) in=1 (.27)
A? —2nT (d<NS + Rex(w = 0) ) + [ dww" =2 coth(£) sinc® (%) Imy(w) : n =2

Finally, as we explained in Sec)S-III} we note that ¢(T") = — d<£\s> [x=0—Rex(w = 0) = 0 for the systems we consider.
In this case, we get Eq. 6 of the main text for all n. Note also that in LR, up to order A2, the cumulants and the
moments of the dissipated work are equal.

S-V. DERIVATION OF EQS. 9 AND 10

By definition, we have

Tr {Nsefﬁ(ﬁo+5>dvs)

(Ns)ao+6x = TSy (5-28)
Using the identity
edtoB — oA 4 ¢ /01 dyeyABe(l_y)A + 0(a?), (S-29)
we could expand both the numerator and denominator of Eq. to linear- order in § A, which gives
Tr J\Afse_ﬁ(ﬁ0+6’\N5)] =Tr [Nge_ﬁﬁo} — GO /1 dyTr [Ng@‘ﬁyﬁoNse_ﬁ(l_y)ﬁo] ,
Tre~BHo+8ANs) _ Tye—BHo _ BONTY [Ngeoﬂﬁo} .
Thus, to linear-order in 6\, we have
(Ns)aoron = (Ns)o + BEA(Ns)§ — O\ /OB ds(Ns(—is)Ns(0))o, (5-30)
and Eq. 9 directly follows.
To derive Eq. 10, we start from Eq. Cons1der1ng L ioz t) lt=0, we find
;de\Ith( ) o —Z%TY [pO[NS( ); Ns]] o
= —i% (Tr {poeiﬂotﬁge—%%] —Tr {poNSeiﬁot]\Af‘ge—m‘)tD .
=2 (Tr [poI:IONg} —Tr [pOJ\AfSIA{O]\AfS})
= —Tr [Po [N& [ﬁmNS]H : (S-31)
Notice that & ioz D),z = — [ dww? ¥ (w), thus
5 / dusBo(w) = Tr [ [Ns, [Fo, Ns]] | (5-32)

Finally, notice that in our setup, [Hy, Ns] = [Hse, Ns]. In addition, the dot-lead hybridization term Hgg can be
decomposed into a tunneling-in part and a tunneling-out part, Hse = H(+) +Hé5), where we have [NS, Hég)} = qH(+)

and [Ng, I:I((sg)} = —qH’ é;) for the tunneling process that involves ¢ charges. For both the resonant level model and
the charge Kondo device, ¢ = 1, thus we have

|Ns, [Ho, Ns)| = — | Ns, [Ns, ol | = = [Ns, [Ns, B + 1§51] = — [Ns, A - 157 = - (A + A7) = —Ase.
(S-33)
Combining Eq. with Eq. we get Eq. 10.



S-VI. RESONANT LEVEL MODEL

A noninteracting QD is described by the spinless RLM. The ‘system’ is the QD level itself, while the ‘environment’

is the bath of conduction electrons, see Fig. a). They are coupled by the dot-lead hybridization term Hgg which

allows the dot charge to fluctuate, even though the total particle number is fixed. Fig. b) illustrates the QD charge

dynamics induced by driving the local dot potential. Here we treat the environment explicitly, providing exact results

beyond the Markovian approximation used in the master equation, which neglects system-environment entanglement.
Explicitly, we have

. 11 1 T —iey 1 T +ie
(Ns)o = 3 + %Im <1/)(5 + 5T ) — 1/1(5 + 5T )) , (S-34a)
A
X d _
(Hse)o = 2T [A %f(w)m, (S-34b)
1 [ 2z
x(w) =— - /_Oo def(Tz + €q) @+ 1) (22 — (/T +0)2) (S-34c¢)

where ¥(z) is the digamma function. Eq. was previously derived in Ref. Bl see Eq.(1.55) thereof. At the
particle-hole symmetric point €4 = 0, the integral in Eq[S-34¢| can be done and we find a closed-form expression for
Imy(w),

Imx(cu):Im[Q g (G + 50 - ¥G + 57 i) )| (5-35)

w9 2%
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(a)

FIG. S-1. (a) Generic scenario in which a globally-conserved charge N = Ns+ Ng is shared by the system and the environment.

(b) In a QD, where Ns =1 corresponds to the dot occupation, driving the dot potential €4 induces nontrivial dynamics that
can be characterized by quantum work statistics.
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